BY L. MIRSKY
The scope of the additive prime number theory is evident from its name. In this part of the theory of numbers we are concerned with the representation of integers as sums of primes; and here the central problem consists in the proof (or possibly refutation) of a celebrated conjecture made by Goldbach in 1742 to the effect that every even integer >4 can be represented as the sum of 2 primes. The truth of this conjecture is still unsettled; but though progress in this field has been slow, attempts to deal with the problem have led to a whole series of striking results.
Goldbach's problem remained virtually untouched till 1923 when Hardy and Littlewood attacked it by means of a new and powerful analytical technique, which has come to be known (from a contour integral employed in the argument) as the "circle method." The work of Hardy and Littlewood showed that the problem was tractable; but the success of their method was incomplete, for they were only able to establish their results on the assumption of a certain hypothesis in the theory of functions which remains unproved to the present day.t
By combining the ideas of Hardy and Littlewood with daringly ingenious inequalities for exponential sums, Vinogradoff succeeded in 1937 in dispensing with H and putting on a firm foundation all earlier hypothetical statements. The most important result proved in this way was as follows. THEOREM 1. Every sufficiently large odd integer can be represented as the sum of 3 primes.
This result follows, of course, trivially from Goldbach's conjecture, but the converse inference cannot be made.
Vinogradoff proved, in fact, much more than Theorem 1. Let r3(n) denote the number of representations of n as the sum of 3 primes. Vinogradoff showed that, as n --oo through odd values, An immediate corollary of Theorem 1 may also be noted. THEOREM 2. Every sufficiently large even integer can be represented as the sum of 4 primes.
Another interesting result which emerged from Vinogradoff's work is as follows. Let N(x) denote the number of even integers <x which are not representable as the sum of 2 primes; then N(x)/x -0 as x --oo. Thus Goldbach's conjecture is true at any rate in the majority of cases, and this assertion is usually expressed in the following form.
THEOREM 3. Almost all even integers can be represented as sums of 2 primes. All three theorems stated above, as well as the asymptotic formula (1), were first established by Hardy and Littlewood on the basis of the unproved hypothesis H. * Shortened version of an address given to the British Mathematical Colloquium at St. Andrews in September, 1956. t This hypothesis, which we shall refer to as H, is a generalization of the famous "Riemann hypothesis." + The symbol , in (1) indicates that the ratio of the two sides tends to unity. The letter p is reserved for primes throughout; and in the first product on the right-hand side of (1) p ranges over all primes, while in the second it ranges over all prime divisors of n. 7
The development of the circle method at the hands of Hardy, Littlewood, and Vinogradoff is probably comparatively well known, and we therefore propose to consider in greater detail an alternative treatment of problems in the additive theory of numbers. This is the "sieve method," which was devised originally by Viggo Brun in 1915-20 and has since been modified and extended by other writers. The sieve method is elementary and does not lead to the complete solution of any problem but, compared with the circle method, it has the advantage of being applicable to a wider range of questions.
Consider the sequence of integers 1, 2, ..., n and let pl, ..., p, be any r distinct primes. From this sequence we delete all integers which belong to at least one of r specified arithmetic progressions with common differences P, ..., pr respectively, i.e. we delete one residue class (mod pl), one residue class (mod P2), and so on. More generally, it may be necessary to delete m > 1 residue classes modulo each of the primes pl, ..., p,, and this procedure is described as "sieving." Brun gave a method for estimating the number of integers in the sequence 1, 2, ..., n which survive the process of sieving, and he showed how such estimates could be used for dealing with questions which had previously seemed intractable.
An Now if a non-negative function is not too small on the average and not too large for any value of the variable n, then it must be positive for many values of n. The precise formulation of this idea enables us to infer that the number E(n) of integers t < n such that r2(t) > 0 (i.e. the number of integers <n representable in the sense of Goldbach) satisfies the inequality E(n) > c4n. * The letter c is reserved for absolute positive constants.
In other words, the sequence of "representable" integers has positive density.* Now it was shown by Schnirelmann-and the proof is not at all difficult-that if a sequence {si} of integers has positive density 6, then there exists a number 1 = 1(6) such that every integer can be represented as the sum of at most 1 elements of {si}. It follows, therefore, that every integer is the sum of at most c5 "representable" integers, and so the sum of at most 2c5 = c6 primes. The value of c6 which emerged from Schnirelmann's analysis was large, namely 800,000. Nevertheless, the theorem that every integer is the sum of at most 800,000 primes constituted a very large step forward, since at the time only the hypothetical results of Hardy and Littlewood were available. Subsequent writers improved on the quantitative aspect of Schnirelmann's work. It was shown, eventually, that every sufficiently large number is the stun of at most 67 primes, but even this result was soon superseded by Vinogradoff's Theorems I and II.
So far we have been discussing the representation of integers as sums of more than 2 primes, but a relaxation of Goldbach's conjecture can clearly take different forms and we might, for example, consider the representation of n in the form n = n1 + n2, where the conditions imposed on n1 and n2 are less severe than those of primality. Brun employed his sieve method in an investigation of this type and showed that every sufficiently large integer can be represented as the sum of 2 integers each of which has at most 9 prime divisors. This result was sharpened in successive stages till, in 1940, Buchstab proved THEOREM 4. Every sufficiently large integer can be represented as the sum of 2 integers each of which has at most 4 prime divisors.
A variant of the problem just considered consists in investigating the existence of representations of n in the form n = p + n', where n' has few prime divisors. Already in 1932 Estermann had shown that, subject to a hypothesis slightly stronger than H, every sufficiently large integer n possesses such a representation, with n' having at most 6 prime divisors. In 1948 Renyi proved an extraordinarily interesting theorem which, though weaker than Estermann's, does not depend on any unproved result. Renyi's theorem is as follows.
THEOREM 5. Every integer can be represented as the sum of a prime and a number having at most c7 prime divisors.
The proof of this result is long and difficult and makes full use both of arithmetical and analytical techniques. Probably the most interesting feature of the proof is a powerful generalization of Brun's sieve method, and we shall conclude by briefly referring to this aspect of Renyi's work. It will be recalled that the sieve method, as devised by Brun, is concerned with estimating the number h of integers <n which do not belong to m specified residue classes modulo each of the primes Pl, ..., Pt. Consider now the more general case when the number of excluded residue classes (mod Pi), instead of being a fixed number m, is some function f(pi) of pi. Brun's method for estimating h is now no longer applicable, but in 1941 Linnik invented a technique for dealing with this new operation-an operation which he aptly termed 'the large sieve.' Linnik's theorem states that if p1, ..., p7 are any primes < Vn and a = min f(pi)/pi, then h < c8n/a2r. Even this result was insufficient for Renyi's purpose and a yet further generalization of the sieve method was needed before Theorem 5 could be established.
There are, of course, results bearing on Goldbach's conjecture other than those we have mentioned. Thus, for example, a rather amusing theorem due to * The density of the sequence {si} is defined as the lower bound of S(n)/n, where S(n) denotes the number of si which do not exceed n. 
